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THE DEPENDENCE OF THE SOLUTIONS OF THE EQUATIONS OF MOTION OF
MECHANICAL SYSTEMS ON A LARGE PARAMETER*

V.V. SAZONOV

The differential equations of motion of a mechanical system with a
finite number of degrees of freedom containing a large parameter u are
considered. The parameter characterizes the potential forces operating
in the system in some of its generalized coordinates. It is proved that
the solutions of these equations exist in a time interval of length

~ut (0<a<Y;) and they converge as p— + oo to the solutions of de-
generate equations obtained from the original ones by putting = oo.
The proof 1is carried out under the assumption that the solution
generated is stable to a first approximation, the frequency of fast
oscillations of the system is constant and a series of rather complex
restrictions are satisfied.

The equations of the type considered were previously studied within
the framework of the problem of realizing ideal constraints using large
elastic forces. Under less-restrictive conditions analogous results
were obtained but for a time interval whose length remains bounded as
@ — 4 oco.

1. Consider a mechanical system whose motion is described by Lagrange equations of the
following form:

d oT* oT* , O .
& Tog; a};=—u‘—aqj +Q; (G=1....] (1.1)
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n=1 (qlv DY) qn)’ QJ' = Qf (tu q1y » - oy Gy ql.v ey ql.)

Here p is a positive parameter, 1 <{n <!, and the matrix (aik)'i, =1 1n the expression

for 7* is symmetric and positive definite. We will investigate the behaviour of a class of
solutions of system (1.1) as p— +oo. To give a precise statement of the problem we change
in (1.1) to Routh variables g¢;, ¢;', ¢, pa = 0T*/3q, (=1, ..., n a=n-+1,... 1). Introduc-

ing the vectors ¢ = (q1, - - -» €))7y % = (gn+1, Pnsas - - ., ¢, P1)T  and defining in a necessary way the
symmetric positive definite matrix A4,(g) of order n and the functions F (i, z,¢q, ¢) & Rx-m,
f(t, z,¢,¢) = R", the Routh equations of the mechanical system considered can be written in
the form

2 =F(tzq ) Aola)q" + ull(9)/dg =f(t 2, 9,9 (1.2)

Writing down the equation is interesting in itself since the equations of motion of some
mechanical systems can be reduced to the form (1.2) without using the Routh variables. Below
we shall consider Eq.(1.2) independently from Egs.{1.1). We assume that in (1.2) x and Fe
R" (m>0),q and f= R" (n>1), 1= R, A,(g) is a symmetric positive definite matrix of order
n; 11 (q), A4 (@) f(t,z,q,¢) and F(t z,q9,9) are assumed to be sufficiently smooth functions
of their arguments, i.e., having all derivatives that are necessary for the analysis that
follows. We also assume that JII (0)/dg =0 and the matrix @211 (0)/dg>2 1is positive definite.

The system

r = F (20,0 (1.3)
is called degenerate. Suppose that it has a solution z = ¢ (f) defined in the interval
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0 <Ct<< +oc. Below, under certain conditions, we prove the following assertion: for any
numbers C; >0(=1,2,3, L>0 and ae& (0,1, there exist positive constants M, C,, Cy
and €, such that for any p > M the solution =z (¢ p), ¢ (¢, n) of system (1.2) with initial

conditions satisfying the inequalities ||z (0, p) — ¢ (0)|| < Cin™Y, M g (0, p) || << Cypu2 and | ¢ (0,
Wil << Cau™, is defined in the interval 0 <{¢<{ Lp* and satisfies there the estimates ||z (¢,
p— e @< Gl g g w il < Cop, and (¢ (f, pl << Cyp™. Here || || Qenotes the Euclidean
norm.

The equation for x may not be present in system (1.2) (m = 0). In such a case we consider
the second equation of (1.2) whose right-hand side does not contain the vector * and its

solution ¢ (¢, u) with initial conditions |/ ¢ (0, p) || << Cyp2, | ¢" (0, p) || << Copt. For p>=M
we prove the existence of such solutions in the interval 0 <{{¢<{ Lyu® and we show that they
satisfy the estimates|q (¢. p)i| <C Cap’®, |l ¢ (¢, Wil < C,u™'.  The numbers C,, C;, L = (0, +o0) and

a=(0,1,) are arbitrarily given the numbers M, C; C, = (0, o) are found as functions of
¢y, Cy, L, and a. The investigation of this equation is obtained from the investigation

of system (1.2) by omitting the arguments referring to the vector &, and they are therefore
not presented.

2. To construct the desired solutions of system (1.2) it is necessary to carry out some
transformations analogous to those used in /1/. We will first describe these transformations
formally and we shall then formulate the conditions imposed. 1In system (1.2) we change the
variable z = ¢ (f) + & and multiply the second equation by A4, (q) from the left. In the
equations obtained we select in explicit form some terms that are linear with respect to &, ¢
and ¢. As a result we have

E=A®E-+F(Eqq) 2.1)
¢ WAG=BWEF+CW) ¢+ H(LE a )+ nhy (g
A () =0F (t, 9 (1), 0,0)/dz, B(t) = Ay (0) 97 (¢, ¢ (1), 0, 0)/0x
C) = A, (0) 01 (¢, 9 (), 0,0)/8g°, A = Ayt (0) 6201 (0)/og?

and as §, ¢, ¢ >0 the following estimates hold:

Fi(,8¢.0)=0(gh+1dll+1EIA, hln=0(lqlP
8 qq)— 10,000 =0(qll +IIgIP+THEI)

Since the matrices A4,(0) and @I (0)/dg>2 are symmetric and positive definite, the
corresponding quadratic forms can be simultaneously reduced to canonical form. In other words,
there exists a non-degenerate matrix S of order n such that

STAd, (0) S = E, (2.2)
ST (0411 (0)/9g?) § = diag (02E,,, .. ., ©2E, )
np>0G=1 ... m+n+.. . +to=n0 0 <o,< ...
<< O,

Here E; 1is the unit matrix of order k. Changing the variable g¢-»Sg¢ in (2.1) we shall
assume that the matrix A in this system is identical with the right-hand side of the second
formula of (2.2).

The following transformations are used to simplify linear terms of system (2.1). The
substitution ¢ = z 4+ p2A™B () ¢ reduces this system to the form

g. = A (t) g + Fz (tv gy z, Z', IJ') (2.3)
2+ Az =C ()2 + [, (8 8 3,2, n) + p2y ()

where for §,z,z,pt—0 we have

Fo 8 2,2, m) =0zl + 020+ w2l ENNEIR)
RFGw=01), fu(t,&z22, p)—/° @y =
Olllzll+ p2(RENAIL20) +NEIR+ 112 172]

Here and below we use the notation g° (t,u) = g (,0,0,0, u) for any function g{(t, -, -, -, p).
As a result of this substitution the term B (f)t vanished from the second equation of the
system investigated.

The next transformation is used to simplify the term C (#) 3z Instead of 2 we introduce
a new unknown function

u=2z-4+ p2D(t)z (2.4)
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The explicit form of the matrix D () will be shown below. Differentiating relation
{2.4) twice with respect to t we obtain, by virtue of system (2.3},

W = —DAz+ [E, + u 2 (D" + DO} 2 + D (by + p3) (2.5)
W= —ptAz + (€ — DAYZ + 1) (6B 27, W)+ phy (2.6)

The function f," in (2.6) satisfies as §,z, 4, u'— 0 the same estimates as the function
f: in (2.3). Solving the relations {2.4) and (2.5) for &z and 7z we find

z=u -~ 2D {u + D [Au — k (W1} + O (0%
F=u 4+ DIAu—~hky @]+ 0 @D

Substituting the expressions obtained into ({2.6) and the first equation of {2.3) we
arrive at the system

E=A@ME+Falt, & u, ', p) @70
' ptAu = O (w S 8w w, ) opt ()

Here
CH=CH+AD @) —D @) A (2.8)

and as &, u, ¢, pt—> 0 we have the estimates

FLe, W =0@?), Fo(t,§uu,p)—F(t,p) =
O(ull +Huw'll+ w2 B0 +HHEIR)

The estimates of f, are obtained from the estimates of f, by the change z—u, 7 —u'

We will describe the construction of the matrix D. We will represent the matrices C, ('
and D in block form where the decomposition into blocks is the same as in the second formula
of (2.2): € = (CpYjxmar € = (Cpp'V 51, D = (D)} 5=z Here Cp, Cp' and Dy are matrices of

dimensions n; X n;. The relation (2.8) can be written in the form
Cp' =Cp+{op—oA)Dp (Gk=1,...,7

We define the matrix D (f) by the formulae: Dy = (02 — 0 Cy  for j==k and D;; = 0.
In this case , )
¢ (t) = dlag (Clly RS ] Cn-)

We consider the linear systems
uf =120 (O u; weERY, 0t oo =1, ...,7) 2.9)
We shall assume that they are reducible in the sense of Lyapunov /2/, i.e., there exist
changes of variables u; = ¥;(f)y;, where V¥;(f) are Lyapunov matrices and y; & R"Y, such
that these systems are transformed into the systems y,' = Hyy; (=1, ..., 1) with constant
matrices. We put
¥ () = diag (¥, (1), ..., ¥. (), H=diag{H,, ..., H) (2.10)

The change of variables u =W (#)y transforms {2.7) into the system

E=A@E+F(LEy Yy, (2-11)
y" - 2Hy. + (P*ZA + H2) y = f& (ta Ev Y, y.v H) + P-zhz (t’ y)

where the functions Fy, fi and k&, satisfy as &, y, ¢, p' >0 analogous estimates as the
functions F, f, and &, as §, u,u, pti—>0.
We will now make a series of assumptions for Egs.{1.2) and the transformations carried
out. The system
T=AME {2.42)

is a system of equations in variations for the solution z = ¢ (f) of Eq.(1.3). We denote by
D, (¢, 5) the fundamental matrix for solutions of system (2.12) with initial condition @, (s,
s} == Em. We assume that this matrix is bounded on the set 0 <s<{t< +oo. We also assume
that the eigenvalues of the matrices H; (=1, ... 1) have non-positive real parts and the
eigenvalues lying on the imaginary axis have simple elementary divisors.
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By the estimates satisfied by the functions F,, f, and hk, of (2.11) as §,y,y,u!t—0,
for any t>0 there exist positive numbers §, K and M, such that for all u, & n(n& R,

y.y,u, v that satisfy the inequalities p 2> M, max (IE], Unil gl g hilull,lwi)<<s we
have
HES @ w < K2, || &0 @, p)dt" < K (m=0,1,2) (2.13)
WF &y y ) — FS W< Kyl + 1yl -+ w2l B+
E1?) (2.14)

MA@ Eyy, W —fo WIS KUyl +p20ly T +HIEIN) +
Ny I+ 1B LR (8 ) I < K| Y2

NFa (88 gy, w) — Fu(tym, u, o, W <K (af 4 o + )

Mo @&y gy w)— A lmu, w, Wl << K oy + B (0 + @)l (2.15)
Whe (2, 9) — hy (&, W) Il << Ko (Nl g ]l + W ull)
% =IE—ll, ex=1My—ull, a=I1y—ull

B=HEl+lnll +lyll+Null +Uy -+l + pn?

We shall assume that the numbers 6, K and M, satisfying the properties indicated can
be chosen independently of t for ¢ > (0. In other words, the estimates (2.13)-(2.15) are
satisfied uniformly in ¢ in the interval 0 <{t <l -+oo. Under the assumptions imposed we have
the following theorem.

Theorem. For any numbers L >0, B, >0, B, >0 and ae= (0,1, there exist positive
constants M, B, and B, such that for any p > M the solution § (f,p), y (¢, p) of the
system (2.11) with initial conditions satisfying

HEQ W< Buw™, {ly 0, Wl < B, N1y (0, Wl < Byp

is defined in the interval 0 <{i¢<{Lp® and satisfies there the estimates
NE (& Wl < Bap™, ly (6 ) Il < Bup™2, 1y (4 p) Il < By (2.16)

Remarks. 1°. If in addition to the assumptions imposed we require that the matrices
B (t) p°t and D ()p* are bounded functions of ¢ and m for 0< t<<Lp% p> M, then from the
theorem it follows that the assertion formulated in Sect.l about the existence of solutions
of system (2.2) close to the generated solution z= ¢ (t), ¢=0, holds.

2°. Formulating the theorem we made three main assumptions regarding the transformations:
1) on the reducibility in the sense of Lyapunov of systems (2.9) to systems with constant
stable matrices, 2) on the stability of system (2.12), i.e., on the stability in the linear
approximation of the solution z=¢() of the degenerate system (1.3), 3) on special uniform
estimates of the functions F. /1 and bk, as E,y,y,p1—0. We will consider the verification
of these conditions in simple situations. Suppose, for example, that the generalized forces
QG=1,...,1 in Eqs.(l.1) are potential. Without loss of generality we can assume that
the matrices 4,(0) and &1 (0)/d¢* are identical with the right-hand sides of formulae (2.2).
Then in (2.3) we have ¢T ()= —cC (). Using the last relation we can show that the fundamental
matrices X;(f) of systems (2.9) with initial conditions X;(0)=E,; are orthogonal: X () =
X7 @. In this case we can take ¥;(f)= X;(t), H;j=0 1in (2.10). 1In this way there exists a
substantial class of mechanical systems satisfying condition 1). Suppose now that system
(1.2) and the solution ¢(#) are periodic. Then condition 3) and the condition of Remark 1°
are trivially satisfied and the verification of conditions 1) and 2) is simplified.

In general, all three conditions are introduced to guarantee the possibility of investi-
gating the solutions of system (2.11) in time intervals of arbitrary length. If, for example,
system (2.12) or one of system (2.9) is exponentially unstable, then estimates (2.16) as 0<
t< Lp% p— 4 0, are impossible. In this connection it is interesting to compare the theorem
formulated above with the results of /3, 4/. The theorems of /3, 4/ guarantee the existence
of solutions of system (2.2) close to the solution generated z= ¢ (t), ¢ =0 under considerably
less restrictive conditions but in the time interval with bounded length as p— + oo.

3. We will give some relations used in the proof of the theorem. We will consider the
initial problem g (0) =%, for the linear non-homogeneous system corresponding to the first
equation in (2.11)

E=A4@0E+F@ (CR Y]

Using the matrix @, (¢, s) introduced above the solution of this problem can be rep-
resented in the form

B0 = @ (t, 00 & + (Do (1, 9) F () ds (3.2)
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Here and henceforth the integration is taken over the interval [0, /.
We call the number vr (f) = max|/f(#)|| (0 <t T) the norm of the vector function i)

continuous in the interval O <(¢ < 7. Since the matrix @, {(¢,s) is bounded on the set
0<s<<t<< +oo, the norm of the solution of (3.2) satisfies for any T >0 the estimate

v (8) < No (11 Bl + Tvr (F)), N, = const >0 (3.3)

The solution of the initial problem y (0) = y,, ¥ (0) =y, for the linear system correspond-
ing to the second equation in (2.11)

«
I
)
=
L~
4
-~
=
K
-
4
s
=
«
It
=
o~
W
S

can be written in the form

P AU, U N | £33\ 5. * M (4 o\ £ 1\ Ao LAY
YA\ = S\ Yo T Fa \b) Yo T YW b o) 1Sy 4 (2.9}
sinpot \ g1
®, (1) = dia [(E cos post — H, ) j ],
=1
sin jiw
O, (t) = diag (-——’L el ‘)
1
The derivative of this sclution is given by the formula
The derivative of this soclution is given by the formul
V) =0 )+ O Oy + SO — 9 ds (3.6)
In view of the stability of the matrices H;(j=1, ..., r) we can choose a positive

number N; such that for any 7 >0 and p_>>1 for the norm of the solution of (3.5) in the
case when y, =0,y, =0 and its derivative we have the following estimates

v (y) < PN Tve (), ve () <N Tve (f) (3.7)
If the function f({f) in {(3.4) is twice continuously differentiable, then making in the
initial problem considered the change of variable y =z + w2A7Y (f) and applying to the
rvesulting problem formulae {(3.5) and (3.6) we obtain expressions for y and ¥y containing in

additrian to f ales £ and Prom thace exnrassioneg it followe that th 3 i3
aqaition to j aisc and f . From these expressions it follows that there exists a positive

number N, such that the norms of the solution of {3.5) and its derivative satisfy for any
T>0 and p>>1 the estimates
vr (y) < NoRy vr () << WVLR (3.8)
R=\lyoll + ptllge' ll + pvr () + p7° fve (N + Tlve (N +
r () + vr (M}

4. The initial problem E (0) = &*, y (0) = yo*, ¥ (0) = y,'* for system (2.11) is equivalent
to the integral equations
E(f) =@ (¢, 0) 5p* + S‘Do (¢, 5) Fils, E(s), y (), 2 (), pl ds = (4.1)
Ly (%, y,2)
y() =@ () y* + O (D yo™ + Sq)z (¢t — ) {fu [s, E(s), ¥ (9),
z(s). pd + pthy ls, y S)]) ds= L, (§ 4,2
U B + D (G Yt + )‘*’2 t—9{fls, &), 9 (),
z(s), pl + pthy [s, y () ds = L, (€, y, 2)

Here z =y, 0 {t<{ Lp® L and a are arbitrary numbers from the intervals (0, +~) and

(0, ¥/g). We solve Egs.{4.1) by the method of successive approximations. We construct the
sequences of functions &, (t), yx (8), z () (k= 0,1,2, ...) 1in the interval 0 <{¢<{Lpu® putting
=0, (=0, 2 =0 (4.2)

Ekrr = Lo (Bks ¥rs 26)y  Yka = Ly (B, Y 2k)
Zesy = Ly By Yroze) (R =10,1,2, ..)

We prove that for sufficiently small I &.*|l,Hye*!l,ly,*)] and p™t these sequences
converge to a solution of Egs.(4.1). To fix our ideas we will assume that E&* = Ep* (u), yo* =
¥o* (1) and y,™* =y"* (n) are continuous functions of p in the interval 1< p<<-+oc and

satisfy the inequalities
WEH I <C Bun™, flyo* 1 << B2, y* |l << Byt (4.3)

Here B; and B, are positive constants.
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First we will prove the existence of positive numbers /,, 8, and B, such that for

w e M, we have the estimates
v T Bt 08 v ) LB T8, vy) T B <8 (1.9
For brevity here and henceforth we omit the index 7 = Lu* in the notation of the norm
v (+).
Since
B (D) = @ (1, 0) 5% + S Dy (2, 9) F (s, ) ds (4.5)

n () = D, (1) yo* + Oy () yo* + SO (1 — 9 1 (s, w) ds
2 () = O () go* + Oy (D ge* + SO (8 — 9) £ (s, 1) ds

the relations (4.2) for % > 1 can be represented in the form

Erer () = 5 (0 + 0y (2, 9) {Fuls, B (), 4 9, 2 () ] —
FC° (s, u}} ds
Yoo (1) = 1 () + § @, (¢ — 9) {u Is, B (9, 9 (), 2 (), 1] —
12 (s, B) -+ nihg s, yy ()1} ds

The expression for 2y (f) can be obtained from the last formula by the change  yy.y —
Tk, Y1 > 21, Oy > @,

We assume that v (&) <C8,v(y)<<® and v (z) <8 Then for p >max (1, M,) by inequalities
{2.14), (3.3}, and (3.7) we have

v Era) <v (&) + ELNp® v (1) + v (2) + w2 (&) + v2 (5 (4.6)

v (yxa) v (7)) + KLN o 1Ry, v (zrn) v (zy) + KLN R,
Ry = v (yp) + u2lv (z) + v G+ 2 () -+ v2 (&) + udv? (3y)

Applying inegualities (2.13), {3.3), and {3.8) to relations (4.5) we obtain

v () KN (18Il + KLp22), v (1) << NoPy v () < piV,P
Po=ly* Il + ot yo* Il + Kp™2 + Kp™ (1 + 3Lp")

Hence using estimates (4.5) for p > max (1, M;) we have

vEY DT v () < Dep? v (a) < Dop?
Dy = N, (B, + KL), D, — N, [2B, + K (2 + 3L)]

We choose the numbers B; and B, such that the relations B, >D, and B; > K,=D, -+
KLN,B, are satisfied and we take

W > M, = max {1, My, (By/8)Y@-9), (B,/8)'), B,/S,
[K,/(By — K020, [K/(B, — Dy)pa-s)

Ky = KLN, (B; + B, + By%), Ky = KLN,(B; + 2B, +
B2+ 2B.?)

Then if inequalities (4.4) are satisfied for some k, then by (4.6) we have

v (Era) <Kot A Kppde? o Bypet 8
¥ (frer) < Dap2 A+ Kop¥? L Bp2 L 8

and similarly «» {z) < Bt <8. Since for k=1 inequalities (4.4) are satisfied, they
are true for all k.

We will prove the convergence of the iterations (4.2). Consider the sequences a; = v (& —
Eeidy By =v(r — Vel sk =v( —zy) (k= 1,2, ..). By virtue of inequalities (2.15), {3.3),
(3.7}, and (4.4) for p>> M, we have

a1 S KLNw® (ady + by 4 o)y bead < e Crnr << MGk
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g = KLNjpo1 [dy (ax + ) + be (1 + nle)]
dy = v (&) + v Bea) + v () + v (yre-0) + v () + v (3e) + p72
ey =V (yk) + v (yk—l) (k = 11 2| . -)

Estimating d; and e; by means of inequalities (4.4) we obtain

apay < Po® (uetay + b + ¢, b <8, o < RgK
g = Pt {ust (g + o) + bl, Py = KL (2B, +4Bs + 1) X

max (¥, Ny)
Coneider the sequence of numbers g, = W@ 2g + b+ ue, (k=1,2,...). For u>M=
max [M,, (6P,)*1-3)] we have pra << pi/2 (k=1,2, ...). Using this estimate we can prove that

the sequences & (), y; (£), and 2 t) converge unlformly on the set {(t, u): 0 <t <Ly, p > M}
to some continuous functions E, (t, p), y, (f, 4} and sz, ({, p) satisfying the inequalities

obtained from (4.4) by the change &y —E,, ¥y — U, 2k — 24. Passing to the limit in (4.2) as

k—» ) we find that §, (¢, u), u, (¢, B), and 2y (2, p.) are the solutions of the system of
el Mo (A 1Y Mha Finedian € {4 . ninialye A £F antiahl an + the functiocn

integral Egs.{4.1). The function §, (s, ) is Vu..u..uuu;q differentiable in ¢, function

Ye (& W) is twice continuously differentiable in £, and y*'(
The uniqueness of the solution obtained can be proved in a
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EQUTVAL ENT | INFARTZATION OF OUASTI INEAR OSCTII ATING SVQTEMS
LUl v nd LilvLnniLniavnn vir VUV L areLny VJILILLNIINU DiIvILNY
WITH SLOWLY VARYING PARAMETERS*®

L.D. AKULENKO
The problem of the approximate reduction of quasilinear oscillating
system with slowly varying parameters to a linear system that is

equivalent in the asymptotic sense 1is investigated /1-3/. Two
approaches are proposed based on intermediate "amplitude-phase"
variables and osculating variables of the Van der Pol type. An

equivalent linear system is also constructed with a prescribed degree of
accuracy with respect to a small parameter. As an example a quasilinear
oscillator /1-3/ is considered.

The approach developed is based on well-known methods of equivalent
linearlization /2-6/ and is interesting from the point of view of
applications, since linear equations can be investigated by standard
methods. BAn adequate form of the equations is particularly important in
the analysis and synthesis automatic controls systems having the
required quality of transients /5-8/.
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